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Generalized Weyl algebras (GWAs) were introduced by Bavula [2] , and by Rosenberg [17] under the name hyperbolic rings. Their structure and representation theory have been extensively studied in varying degrees of generality, see [5] , [6] , [3] , [4] , [8] , [10] and references therein. Examples of generalized Weyl algebras include the n:th Weyl algebra A n , the enveloping algebra U(sl 2 ) and the quantum group U q (sl 2 ) as well as many other interesting families of algebras (see for example [7] and references therein).
In an attempt to enlarge the class of GWAs so as to include also the enveloping algebras of semisimple Lie algebras of higher rank, Mazorchuk and Turowska [14] defined the notion of a twisted generalized Weyl algebra (TGWA). They are natural generalizations of the GWAs but their structure is more complicated. Representations of TGWAs were investigated in [14] , [13] , [15] and [9] .
In [14] a first indication of a relation to higher rank Lie algebras was found (in the support of weight modules). Later, in [13] , it was shown that the Mickelsson step algebras Z(gl n+1 , gl n ⊕ gl 1 ) as well as some extended orthogonal Gelfand-Zetlin (OGZ) algebras associated to gl n are examples of TGWAs. It is still unknown whether enveloping algebras of higher rank Lie algebras are examples of TGWAs, but it is known that a certain localization of U(gl n ) is isomorphic to an extended OGZ algebra, and hence is a TGWA.
In this paper we further strengthen the link between TGWAs and enveloping algebras of semisimple Lie algebras. Namely, we define a natural subclass of TGWAs which we call locally finite TGWAs (Definition 4.1). We show (Theorem 4.4) that in those algebras, relations of the following type hold: are scalars. Such relations may be regarded as generalized Serre relations. Furthermore, we construct examples of locally finite TGWAs, denoted q,µ (C), were these relations are the quantum Serre relations associated to a symmetric generalized Cartan matrix C. More precisely, Theorem 5.2c) says that there exist nonzero algebra homomorphisms
where n ± are the positive and negative part of the Kac-Moody algebra g(C) associated to C. We conjecture that the maps ϕ ± are injective and prove it in the case when C is of type A 2 (Corollary 6.4). We believe that the algebras in this family merit further study and we plan to investigate their structure and representations in forthcoming papers.
The plan of this paper is as follows. In Section 2 we recall the definition of TGWAs and give some examples. After establishing some preliminary results in Section 3 we define the class of locally finite TGWAs in Section 4 and show how to associate polynomial Cartan matrices to them such that the corresponding Serre relations hold. Then, in Section 5, we give the construction of the locally finite TGWAs, q,µ (C), associated to a symmetric generalized Cartan matrix and some parameters q, µ = (µ i j ). Finally, in Section 6 we give sufficient conditions for the Serre-type relations to generate the maximal graded ideal appearing in the definition of TGWAs, which in particular can be used to obtain an explicit presentation of the algebra q,µ (C) when C is of type A 2 .
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We fix an arbitrary ground field . All algebras are associative unital -algebras. Let us recall the definition of a twisted generalized Weyl algebra [14, 13] . The input for this construction is a positive integer n, a commutative -algebra R, an n-tuple σ = (σ 1 , . . . , σ n ) of commuting -algebra automorphisms of R, an n-tuple t = (t 1 , . . . , t n ) ∈ (R\{0}) n , and a symmetric matrix µ = (µ i j ) n i, j=1 with entries from \{0} but diagonal elements µ ii left undefined (they are irrelevant). The following consistency relation is required:
, is the algebra obtained from R by adjoining new noncommuting generators X 1 , . . . , X n , Y 1 , . . . , Y n with the following defining relations for i, j = 1, . . . , n, i = j:
One can show that relation (2.1) is sufficient for the algebra A ′ to be nontrivial, and also
is the standard -basis in n .
One can check that A I is graded, A inherits a n -gradation from A ′ . The images of the elements X i , Y i in A will be denoted by the same letters. In this paper, the assumption that µ is symmetric is a matter of convenience, because then relations (2.2) imply that A ′ carries an anti-involution * , (that is, a -linear map
Clearly I * = I so * descends to an anti-involution on A.
By a homogenous element in
for each j. The group n acts on R via the automorphisms
n and r ∈ R. Using this action and (2.2a) we have a · r = (deg a)(r) · a for any homogenous a ∈ A and any r ∈ R.
Example 2.1 (The TGWA of "type A 2 " from Example 3 in [14] ). Let n = 2, R = [H], σ 1 (H) = H + 1, σ 2 (H) = H − 1, and t 1 = H, t 2 = H + 1, and µ 12 = µ 21 = 1. Then the consistency relation t i t j = σ
be the corresponding TGWA. In [14] this example was associated to the coxeter graph of type A 2 , but the ideal I was not described. We will come back to this example and eventually exhibit a set of generators for the ideal I (Example 4.5 and Example 6.3).
Example 2.2 (Quantized Weyl algebras)
. Letq = (q 1 , . . . , q n ) be an n-tuple of elements of \{0, 1}. Let Λ = (λ i j ) n i, j=1 be an n × n matrix with nonzero entries from such that
n is the -algebra with generators x i , y i , 1 ≤ i ≤ n, and relations
for 1 ≤ i < j ≤ n, and
for i = 1, . . . , n. This algebra was introduced in [16] (for special parameters) and investigated since then by many authors. Its representation theory has been studied from the point of view of TGWAs in [15] and [9] . To realize it as a TGWA, let R = [t 1 , . . . , t n ] be the polynomial algebra in n variables and σ i the -algebra automorphisms of R defined by
(2.8)
. . , σ n ) and t = (t 1 , . . . , t n ). One can show that the maximal graded ideal of the TGWC A ′ (R, σ, t, µ) is generated by the elements
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The following observation about the ideal I in a TGWC is very useful. Recall that an ideal J in a graded algebra B is called completely gr-prime if a b ∈ J implies a ∈ J or b ∈ J for any homogenous elements a, b ∈ B.
where R is a domain. Then I is completely gr-prime.
Proof. Let a, b ∈ A ′ be homogenous and suppose a b ∈ I. First we assume that a = b * . Then,
Since R has no zero-divisors we conclude that c 1 bc 2 = 0. This proves that b ∈ I. Now let a, b be any homogenous element in A ′ with a b ∈ I. Then 0 = (a b)
Thus, by the first part, either a ∈ I or b ∈ I. Using Proposition 3.1 we can prove the following explicit correspondence between certain relations in R and certain elements in the ideal I of a TGWC. 
where
Proof. By applying the involution * , (i) is clearly equivalent to (ii). Put a = 
R
This subsection is independent of the rest of the paper. We include it to show that one can say something about the ideal I even under very mild conditions on the data R, σ, t, µ. ∈ R, where r Proof. Since R is Noetherian, the ascending chain of ideals
If k was chosen minimal, then r 
We say that A is locally finite if dim V i j < ∞ for all i, j.
b) To a locally finite TGWA, A, we associate the matrix of minimal polynomials P A = (p i j ) n i, j=1 by letting p i j ∈ [x] be the minimal polynomial for σ i acting on the finitedimensional space V i j . Equivalently, p i j is the monic polynomial of minimal degree such that p i j (σ i ) (t j ) = 0.
Remark 4.2.
If the algebra R is generated, as a -algebra, by the set {σ k i (t j ) | i, j = 1, . . . , n, k ∈ }, then locally finiteness of the TGWA is equivalent to that the automorphisms σ i act locally finitely on R, hence the choice of terminology.
Recall that a generalized Cartan matrix is a matrix C = (c i j ) n i, j=1 with c i j ∈ ∀i, j which satisfies i) c ii = 2 ∀i, ii) c i j ≤ 0 ∀i = j, iii) c i j = 0 ⇔ c ji = 0 ∀i = j. We make the following definition.
Definition 4.3. A polynomial Cartan matrix, P = (p
, is a matrix of polynomials p i j ∈ [x] such that its shifted degree matrix (1−deg p i j ) n i, j=1 coincides with a generalized Cartan matrix away from the diagonal. Equivalently, P is a polynomial Cartan matrix iff for any i = j we have deg p i j ≥ 1 and deg p i j = 1 iff deg p ji = 1. We will denote the Cartan matrix obtained from P by C(P).
The point in making these definitions is the following theorem. 
where all λ n is also locally finite, and that the Cartan matrix C(P) associated to its matrix of minimal polynomials P is of the type (A 1 ) n = A 1 × · · · × A 1 (i.e. all zeros outside the diagonal).
The polynomial Cartan matrices should be regarded as a refinement of the notion of generalized Cartan matrices in the following sense.
Example 4.7. Let C be any generalized Cartan matrix. To C we can associate the matrix P = (p i j ) given by p i j (x) = (x − 1) 1−a i j for i = j and anything on the diagonal. Then P is a polynomial Cartan matrix and C(P) = C. More generally, we could take
, where q ∈ \{0}. Assuming that we had a locally finite TGWA, with R a domain, whose polynomial Cartan matrix was equal to such a P, and if all µ i j = 1, relations (4.2),(4.3) would become the usual (quantum) Serre relations occuring in the (quantum) enveloping algebra of the Kac-Moody algebra associated to C. In the next section we construct such an algebra in the case when C is symmetric.
It would be interesting to find conditions under which a locally finite TGWA A is determined up to isomorphism by its polynomial Cartan matrix P A . Part of this question would be to determine under what conditions the generalized Serre relations (4.2),(4.3) generate the ideal I. In Section 6 we give some sufficient conditions for this when n = 2.
be a symmetric generalized Cartan matrix, let q ∈ \{0} and let µ = (µ i j ) n i, j=1 be a symmetric n × n matrix without diagonal with µ i j ∈ \{0}. Take R to be the following polynomial algebra over :
Define σ 1 , . . . , σ n ∈ Aut (R) by setting, for all i < j and k = a i j , a i j + 2, . . . , −a i j :
For notational purposes, put i j either one of the automorphisms is the identity, or their composition is a multiple of the identity. To prove the consistency relations
we can assume by symmetry that i < j. Then the right hand side equals
To formulate the next theorem, recall that for any q ∈ \{0}, the q-binomial coefficients 
5) which can be proved by verifying that both definitions solve the same recursion relation
We now come to the main theorem in this section, which relates the algebra q,µ (C) to the quantum group U q (g(C)) associated to the Kac-Moody algebra g(C) (see for example [12] for an introduction to Drinfel'd-Jimbo quantum groups). 
for any i = j. c) In q,µ (C), the quantum Serre relations of the quantum group U q g(C) hold. That is, for any i = j, i j be of degree one, we observe that all automorphisms σ i preserve the degree one subspace of R. Since the t i have degree n, each V i j is therefore contained in the finite-dimensional subspace of R of elements of degree n, so q,µ (C) is locally finite. b) Let 1 ≤ i < j ≤ n, and consider the following linear subspace of R:
It has dimension 1 − a i j . By (5.1) the -algebra automorphism σ j preserves the subspace W i j and the matrix of σ j | W i j in the ordered basis (H
rs if r, s = j it follows that p i j is also the minimum polynomial for σ j acting on the space V ji spanned by all σ k j (t i ) (k ∈ ). On W i j we also have, using (5.2), r · (σ 1 σ 2 ) k (t 1 ) · (σ 1 σ 2 ) k−1 (t 1 ) · · · (σ 1 σ 2 )(t 1 ) ∈ R · σ 1 (t 1 ) =⇒ r ∈ R · σ 1 (t 1 ), (P1a) σ 1 σ 2 (t 1 ) = λt 1 for some λ ∈ \{0}, and (P1b) R · t 1 is a prime ideal in R and the ideals R · t 1 and R · σ 1 (t 1 ) are coprime, i.e. their sum is all of R.
we get
